Introduction
This paper is a slightly edited and corrected version of a long time unpublished but several times quoted preprint from 1994. The aim of this paper was and is to give a purely algebraic tool for treating so-called (generalized) Iwasawa adjoints of some naturally occurring Iwasawa modules for p-adic Lie group extensions, by relating them to certain continuous Galois cohomology groups via a spectral sequence.
Let k be a number field, fix a prime p, and let k ∞ be some Galois extension of k such that G = Gal (k ∞ /k) is a p-adic Lie-group (e.g., G ∼ = Z r p for some r 1). Let S be a finite set of primes containing all primes above p and ∞, and all primes ramified in k ∞ /k, and let k S be the maximal Sramified extension of k; by assumption, k ∞ ⊆ k S . Let G S = Gal (k S /k) and
k Let A be a discrete G S -module which is isomorphic to (Q p /Z p ) r for some r 1 as an abelian group (e.g., A = Q p /Z p with trivial action, or A = E[p ∞ ], the group of p-power torsion points of an elliptic curve E/k with good reduction outside S). We are not assuming that G ∞,S acts trivially.
Let Λ = Z p [[G] ] be the completed group ring. For a finitely generated Λ-module M we put
Hence E 0 (M) = Hom Λ (M, Λ) =: M + is just the Λ-dual of M. This has a natural structure of a Λ-module, by letting σ ∈ G act via σf (m) = σf (σ −1 )m)
for f ∈ M + , m ∈ M. It is known that Λ is a noetherian ring (here we use that G is a p-adic Lie group), by results of Lazard [6] . Hence M + is a finitely generated Λ-module again (choose a projection Λ r ։ M; then we have an injection M + ֒→ (Λ r ) + = Λ r ). By standard homological algebra, the E i (M) are finitely generated Λ-modules for all i 0 which we call the (generalized) Iwasawa adjoints of M. They can also be seen as some kind of homotopy invariants of M, see [5] , and also [7] V §4 and 5.
] is the classical Iwasawa algebra, and, for a Λ-torsion module M, it is known (see [9] 
where (α n ) n∈N is any sequence of elements in Λ such that lim n→∞ α n = 0 and (α n ) is prime to the support of M for every n 1, and where
is the Pontrjagin dual of a discrete or compact Z p -module N. For any finitely generated Λ-module M, E 1 (M) is quasi-isomorphic to Tor Λ (M) ∼ , where Tor Λ (M) is the Λ-torsion submodule of M, and M ∼ is the "Iwasawa twist" of a Λ-module M: the action of γ ∈ G is changed to the action of γ 
The main result of this note is the following observation.
Theorem 1 There is a spectral sequence of finitely generated Λ-modules
Here the inverse limits runs through the finite extensions k ′ /k contained in k ∞ , and the natural numbers m, via the corectrictions and the natural maps
respectively. The groups
are the continuous cohomology groups of the Tate module
Some consequences
Before we give the proof of a slightly more general result (cf. Theorem 11 below), we discuss what this spectral sequence gives in more down-to-earth terms. First of all, we always have the 5-low-terms exact sequence
To say more, we make the following assumption.
A.1 Assume that p > 2 or that k ∞ is totally imaginary.
It is well-known that this implies
(This is the socalled "weak Leopoldt conjecture" for A. It is stated classically for A = Q p /Z p with trivial action, and there are precise conjectures when this is expected to hold for modules A coming from algebraic geometry, cf. [4] .) Then the cokernel of inf 2 is
and there are isomorphisms
Proof This comes from A.2 and the following picture of the spectral sequence
There is an exact sequence
(c) There are isomorphisms
Proof In this case, the spectral sequence looks like
Then B is finite, and there is an exact sequence
and
Proof Quite generally, for a p-adic Lie group G of dimension n one has vcd p (G) = n for the virtual cohomological p-dimension of G, and hence
, for a Λ-module M which is finitely generated over Z p (like our module H 0 (G ∞, S , A) ∨ ) follows from Lemma 5 below. In fact, the exact sequence 0 → M tor → M →M → 0, in which M tor is the torsion submodule of M, induces a long exact sequence
in which we have E i (M tor ) = 0 for i = n + 1 and finiteness of E n+1 (M tor ) by Lemma 5 (b) , and E i (M) = 0 for i = n for the torsion-free moduleM by Lemma 5 (a). In our case we have n = 1 and therefore the finiteness of E 2 (M). The remaining claims follow from the following shape of the spectral sequence:
Lemma 5 Assume that G is a p-adic Lie group of dimension n (this holds, e.g., if G contains an open subgroup ∼ = Z n p ), and let M be a Λ-module which is finitely generated as a Z p -module. Then the follwing holds.
where D is the dualising module for G (which is a divisible cofinitely generated
Proof See [5] , Cor. 2.6. For (a) note the isomorphism 
and one has
Proof The spectral sequence looks like
Corollary 7 Let G be a p-adic Lie group of dimension 2 (So
is the differential of the spectral sequence in the theorem, then one has an exact sequence
and the vanishing
Remark In the situation of Corollary 5, one has an exact sequence up to finite modules:
Proof The first three columns of the spectral sequence look like
Proof of the Main Theorem
We will now prove Theorem 1, by proving a somewhat more general result. 
in M G as in [3] . Denote by H i cont (G, (A n )) the continuous cohomology of such a system and recall that one has an exact sequence for each i
in which the first derivative R 1 lim ← n of the inverse limit, also noted as lim ← n 1 , vanishes if the groups H i−1 (G, A n ) are finite for all n (cf. loc. cit.).
Definition 9
For a closed subgroup H ≤ G and a discrete G-module A in M G define the relative cohomology H m (G, H; A) as the value at A of the m-th derived functor of the left exact functor (with Ab being the category of abelian groups)
where U runs through all open subgroups U ⊂ G containing H, and the transition maps are the corestriction maps. For an inverse system (A n ) of modules in M G define the continuous relative cohomology H m cont (G, H; (A n )) as the value at (A n ) of the m-th right derivative of the functor
where the limit over U is as before, and the limit over n is induced by the transition maps A n+1 → A n .
Lemma 10
If G/H has a countable basis of neighbourhoods of identity, i.e., if there is a countable family U ν of open subgroup, H ≤ U ν ≤ G, with ν U ν = H, and if, in addition, H i (U, A n ) is finite for all these U and all n, then
Proof More generally, without assuming the finiteness of the groups H i (U, A), we claim that we have a Grothendieck spectral sequence for the composition of the functors (A n ) n (H 0 (U, A n )) U,n with the functor lim
For this we have to show that the first functor sends injective objects to acyclics for the second functor. But if (I n ) is an injective system, then all I n are injective and all morphisms I n+1 → I n are split surjections, see [3] (
On the other hand, if I is an injective G-module, then for any pair of open subgroups
) is surjective. In fact, we may assume that I = Ind G 1 (B) is an induced module for a divisible abelian group B. (Any such module is injective, and any discrete G-module can be embedded into such a module, see [10] p. 28 and 29., so that any injective is a direct factor of such a module). Moreover, since the formation of corestrictions is transitive, we may consider an open subgroup
and it is known that this is a cohomologically trivial G-module. Therefore, letting U = U/U ′′ , we have
U ′′ as claimed. By assumption, the inverse limit over the open subgroups U containing H can be replaced by a cofinal set of subgroups U m with m ∈ N and U m+1 ⊂ U m , and then the limit over these U m and over n can be replaced by the 'diagonal' limit over the pairs (U n , n) for n ∈ N. For such an inverse limit it is wellknown that R p lim ←,n = 0 for p > 1, and that I n ) are surjective, as shown above (so the system trivially satisfies the Mittag-Leffler condition).
This shows the existence of the above spectral sequence. If, in addition, all H q (U, A n ) are finite, then, reasoning as above, 
where U runs through all open subgroups U ⊂ G containing H, and the transition maps are the corestriction maps and those coming from
If H is a normal subgroup, then we may restrict to normal open subgroups U ≤ G containing H in the above inverse limit, and the limit is a (left) Λ(G/H)-module in a natural way.
Theorem 11 Let H be a closed subgroup of a profinite group G such that G/H has a countable basis of neighbourhoods of identity (see Lemma 10) , and let A be a discrete Λ(G)-module. (a) There are short exact sequences
If H is a normal subgroup, then these are exact sequences of Λ(G/H)-modules.
There is a spectral sequence 
for all m ≥ 0, where Λ(G/H) is regarded as a Λ(G)-module via the ring homomorphism Λ(G) → Λ(G/H). More precisely, the δ-functor
is canonically isomorphic to the δ-functor
Here and in the following, the Ext-groups Ext Λ(G) (−, −) are taken in the category C G of compact Λ(G)-modules. We note that these Ext-groups are Λ(G)-modules, but not necessarily compact. for a cofinal family (U n ) of subgroups between H and G. Therefore we get a spectral sequence 
